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Abstract
Invariant (nonplanar) anomaly of noncommutative QED is reexamined. It is found
that just as in ordinary gauge theory UV regularization is needed to discover anoma-
lies, in noncommutative case, in addition, an IR regularization is also required to
exhibit existence of invariant anomaly. Thus resolving the controversy in the value of
invariant anomaly, an expression for the unintegrated anomaly is found. Schwinger
terms of the current algebra of the theory are derived.
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1 Introduction
One of the greatest achievements of theoretical physics in the second half of the last century is
the discovery of the breakdown of classical symmetries of field theories due to quantum effects
[1, 2, 3, 4]. The far reaching consequences of this discovery include quantitative predictions
of physical amplitudes from anomaly in global symmetries such as in two photon decay of
pions, and restriction of consistent gauge theory models of particle physics from cancellation of
anomalies in local symmetries such as in electroweak theory (for recent review of anomaly see
[5] and references therein).
Therefore, in study of various field theories, it is essential to understand anomalies of its vari-
ous classical global and local symmetries. One class of field theories studied extensively recently
is noncommutative field theories, in particular gauge theories. Anomalies of noncommutative
gauge theories have been widely studied [6, 7, 8, 9, 10, 11] and are mostly well understood.
In ordinary commutative gauge theories, currents corresponding to global symmetries satisfy
an ordinary divergence equation
∂µj
µ
5 = 0,
while chiral currents corresponding to local symmetries satisfy a covariant divergence equation
DµJ
µ = 0,
where Dµ = ∂µ − igAµ, with Aµ acting in the adjoint representation of the gauge group. Gen-
erally these two divergence equations receive nonzero contributions from quantum correction.
In the noncommutative gauge theories a similar situation exists. For simplicity we restrict our
attention to a U(1) noncommutative gauge theory, as noncommutativity already incorporates
complications inherent in the non-Abelian nature of gauge theories with larger gauge groups.
In this case, there are two distinct global Noether currents which play the role of the two cur-
rents above, the invariant j5µ ≡ ψ¯α⋆ψβ(γµγ5)
αβ, and the covariant current J5µ ≡ ψβ ⋆ψ¯α(γµγ5)
αβ .
These two currents correspond to the same global U(1) symmetry and have divergence equations
∂µj
µ
5 = 0, (1.1)
and
DµJ
µ
5 = 0, (1.2)
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where Dµ acts in the ⋆-adjoint operation to be defined in section 2.
The anomaly of the covariant conservation equation (1.2) has been unequivocally calculated
using various UV regularization methods in [6, 8, 11, 12, 13] and is
DµJ
µ
5 (x) = −
g2
16π2
Fµν(x) ⋆ F˜
µν(x). (1.3)
The anomaly contribution to the invariant current jµ5 is however less uncontroversial [7, 9, 10,
13].
In fact anomaly of ∂µj
µ
5 was calculated with a UV cutoff in the spirit of UV/IR mixing
phenomenon [14] in [7] and found to be
∂µj
µ
5 (x) = −
g2
16π2
Fµν(x) ⋆
′ F˜ µν(x) + · · · , (1.4)
for the limit of small noncommutative momentum relative to the UV cutoff; while it was ob-
served in [8] that the contribution to this conservation equation involve only nonplanar diagrams
which are convergent and therefore need no UV regularization, leading to zero anomaly.
This result was confirmed in [9] on the basis of string theoretical consideration and suggested
to be the consequence of Green-Schwarz mechanism operating autonomously in field theory.
Later authors of [10] pointed out that as the two currents Jµ5 and j
µ
5 lead to the same global
symmetry and charge
Q5 =
∫
d3xJ05 (x) =
∫
d3xj05(x), (1.5)
and as Jµ5 has an anomaly, then j
µ
5 must be also anomalous and in fact∫
d2xNC DµJ
µ
5 (x) =
∫
d2xNC ∂µj
µ
5 (x). (1.6)
These authors proposed to resolve this paradox by quoting Ref. [7] that in the momentum rep-
resentation, after taking the infinite limit of the UV cutoff, anomaly is zero everywhere except at
the zero momentum in the noncommutative directions. They made an independent calculation
in the point-splitting method and confirmed that their zero momentum point anomaly is finite.
Yet, close scrutiny of the calculation reveals that the anomaly in the coordinate representation
gives zero as it is zero everywhere in the momentum representation except for a finite value at
zero momentum, this having measure zero in the Lebesgues measure.
Thus the paradox remains. The authors of Ref. [10] realize this difficulty where they take
the infinitesimal parameter of gauge transformation in the variation of the effective action, to
be a Dirac δ-function in momentum variables.
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Our proposal is that just as in the ordinary commutative theory anomaly will not appear
unless a UV regularization1 is introduced and careless manipulation of divergent integrals are
avoided, so it is in the noncommutative gauge theory: In addition to the UV regularization, an
IR regularization must also be introduced to exhibit a finite anomaly in the invariant current
divergence ∂µj
µ
5 , thus resolving the above paradox. For this regularization we use compacti-
fication of the noncommutative directions2 with radius R. We find an unintegrated form of
anomaly for finite R
∂µj
µ
5 = −
1
(2R)2
g2
16π2
+R∫
−R
d2xNCFµνF˜
µν .
Integrating both sides over noncommutative directions, the R dependence on the r.h.s. cancels
out, satisfying the constraint equation (1.6) for R→∞ limit. The resulting integrated form of
the anomaly is in accordance with Ref. [10]. of Armoni, Lopez and Theisen. On the other hand,
taking the decompactification limit first and then integrating over noncommutative directions
yields a zero anomaly. In agreement with Ref. [9] of Intriligator and Kumar.
We will then use the same technique to calculate the current commutators and obtain
Schwinger terms reminiscent of the central charge of the affine algebra appearing in confor-
mal field theories.
There has been another calculation of the invariant anomaly [12] which gives an unintegrated
result on which we will briefly comment later.
In the next section, we set down our notation and briefly review the various calculations
of axial anomalies for the commutative and noncommutative gauge theories. In section 3, we
make careful point-splitting calculation in the presence of both a UV and an IR regulators.
In section 4, we present our results for current algebra of the theory and section 5 is devoted
to discussion where string theoretical aspects are touched upon.
2 Background on Anomalies
The simplest and earliest and the most thoroughly studied classical symmetry broken by quan-
tum corrections is the axial symmetry
ψ(x)→ eiγ5αψ(x), (2.1)
1It is sometimes possible to obtain anomalies as IR phenomenon [15].
2Similar compactification in other contexts of noncommutative field theory were performed in [16].
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of massless QED
L = ψ¯ (i∂/ − gA/)ψ −
1
4
FµνF
µν , (2.2)
with its classical current conservation
∂µj
µ
5 = 0, j
µ
5 = ψ¯γ
µγ5ψ, (2.3)
broken by the anomaly [1]
〈∂µj
µ
5 〉 = −
g2
16π2
F ∧ F ≡ −
g2
16π2
εµνλνF
µνF λν . (2.4)
This effect was first discovered through careful analysis of the divergent triangle diagram con-
tributions to the vacuum expectation value of the current
〈∂µj
µ
5 (x)〉 =
∫
d4y d4z ∂µΓ
µλν(x, y, z)Aλ(y)Aν(z), (2.5)
in which the divergence of the three-point function Γµλν is the sum of two divergent integrals
of the cross diagrams (see Figure 1)
∂µΓ
µλν(x, y, z) ≡ ∂µx 〈T(j
µ
5 (x)j
λ(y)jν(z))〉 = −g2
∫
d4k
(2π)4
d4p
(2π)4
e−i(k+p)xeikyeipz
×
∫
d4ℓ
(2π)4
tr
(
γµγ5
(ℓ/− k/)
(ℓ− k)2
γλ
ℓ/
ℓ2
γν
(ℓ+ p/)
(ℓ/ + p)2
)
+ (λ↔ ν, k ↔ p) , (2.6)
which would cancel to give zero anomaly if a simple shift of integration is performed.
ℓj
µ
5 (x)
jν (z)
jλ (y)
+ ℓj
µ
5 (x)
jν (z)
jλ (y)
Figure 1: Triangle diagrams giving rise to the axial anomaly.
However, as the integrals are linearly divergent such change of variable may not be admissible.
After UV regularization of the integrals the nontrivial anomaly of (2.4) arises.
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This same result is obtained by another UV regularization of point-splitting of the poorly
defined operator product ψ¯ψ
jµ5 (x) = lim
ǫ→0
ψ¯(x+
ǫ
2
)γµγ5 exp
ig
x+ ǫ
2∫
x− ǫ
2
Aµdx
µ
ψ(x− ǫ
2
). (2.7)
A more elegant but less rigorous calculation of anomaly was obtained by the observation that
in the path integral calculation of the vacuum expectation value of the axial vector current,
the measure of the path integral of the partition function is not invariant under the map (2.1);
therefore the divergence of the current jµ5 obtains a quantum correction which may be calculated
with a UV regularization of the path integral measure Jacobian [17].
The method we use in this work, the point-splitting method, will be dealt with in detail for a
noncommutative theory in section 3.
Generalization of the anomaly phenomenon to non-Abelian gauge theories has interesting
nontrivial results. For one, in calculating quantum corrections to the classical conservation
equation of global axial flavor symmetries, higher order Green functions (square and pentagon
diagrams) must be taken into account giving the same result as
∂µj
µ,a
5 = −
g2
16π2
DabcF b ∧ F c ≡ −
g2
16π2
DabcεµνρλF bµν(x)F
c
ρλ(x), (2.8)
where Dabc ≡ tr
(
ta{tb, tc}
)
; with tb, tc the generators of the non-Abelian gauge theory in the
representation of the fermions circulating in the loop, and ta the generator of the global flavor
symmetry. It is these higher order diagrams that make (2.8) gauge invariant [18].3
For another, the (chiral) local gauge symmetry current which classically satisfies the covariant
divergence equation
DµJ
µ = 0, (2.9)
now receives a quantum correction of the form
DµJaµ = −
i
12π2
εµνρσtr
(
ta∂µ
(
Aν∂ρAσ −
i
2
AνAρAσ
))
, (2.10)
3Here, we have distinguished between the current jµa = ψ¯γ
µtaψ, which plays the role of a global flavor
symmetry current when ta corresponds to global symmetries of the theory and a non-Abelian gauge current
when ta corresponds to the generator of the local gauge symmetry of the theory. Whereas the former satisfies
ordinary classical conservation equation ∂µj
µ,5
a = 0 and is gauge invariant, the latter satisfies classically the
covariant current conservation Dµj
µ
5
= 0 and is gauge covariant.
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satisfying the Wess-Zumino consistency conditions [2, 3, 4], where ta is also a generator of the
gauge group.
These quantum violations of symmetries occur for noncommutative gauge theories also,
but with some surprises. For simplicity, we limit ourselves to the noncommutative version of
massless QED. Noncommutative massless QED has the same Lagrangian as (2.2)
L = ψ¯ ⋆ (i∂/ − gA/) ⋆ ψ −
1
4
Fµν ⋆ F
µν , (2.11)
with product of function replaced by ⋆-product
(f ⋆ g)(x) ≡ f(x+ ξ) exp
(
iΘµν
2
∂
∂ξµ
∂
∂ζν
)
g(x+ ζ)
∣∣∣∣∣
ξ=ζ=0
, (2.12)
e.g.
eikx ⋆ eipx = ei(k+p)xeik∧p, (2.13)
with k ∧ p = Θµνkµpν . From now on, we limit ourselves to the noncommutativity between
space coordinates x1 and x2. Obviously ⋆-product is not a commutative operation and therefore
noncommutative QED closely resembles an ordinary non-Abelian gauge theory. In fact in (2.11)
Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ]⋆. (2.14)
Now noncommutative massless QED again has an axial U(1) symmetry (2.1), ψ → eiαγ5ψ, to
which now corresponds two currents
J5µ ≡ ψβ ⋆ ψ¯α(γµγ5)
αβ, (2.15)
and
j5µ ≡ ψ¯α ⋆ ψβ(γµγ5)
αβ. (2.16)
Under a ⋆-gauge transformation ψ(x) → eiα(x) ⋆ ψ(x), these two currents are covariant and
invariant, respectively. They have the same charge operator
Q5 =
∫
d3xj05(x) =
∫
d3xJ05 (x). (2.17)
Naively, one would expect the two currents to have the same anomaly. But, while
DµJ
µ
5 = −
g2
16π2
Fµν ⋆ F˜
µν , (2.18)
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the anomaly for the divergence of the “invariant” current jµ5 is quite different. The reason for
the difference of behavior of the two currents is an important property of noncommutative field
theory, UV/IR mixing, which shows up in the ”nonplanar” diagrams of the theory. Simply put,
UV divergences of loop integrals, upon regularization, turn into IR divergences in the variable
p˜µ ≡ Θµνpν .
In fact the first indication of nonvanishing anomaly in invariant current jµ5 came from this
source and emerges from the IR divergence of the triangle diagram integral [7]. Quoting the
result from [7], the divergence of the invariant axial vector current is
〈∂µj
µ
5 (x)〉 = −
1
π2
ελναβ
∫
d4k
(2π)4
d4p
(2π)4
kαAλ(k)e−ikxpβAν(p)e−ipx
×
1∫
0
dα1
1−α1∫
0
dα2 cos [k ∧ p(1− 2α1 − 2α2)]
×
1
lnΛ2
{(
ln
1
1
Λ2
+ q◦q
4
− ln∆
)
−
q ◦ q
8
(
1
1
Λ2
+ q◦q
4
)
−∆ ln
1
1
Λ2
+ q◦q
4
+∆ ln∆
}
. (2.19)
Here, q ≡ k+p, ∆ = k2α1(1−α1)+p
2α2(1−α2)+2kp α1α2, and q◦q ≡ −qµΘ
µνΘνρq
ρ. Λ is the
cutoff regularization parameter. In the spirit of the UV/IR phenomenon [14], one considers the
two different limits, q◦q
4
≫ 1
Λ2
and q◦q
4
≪ 1
Λ2
, separately. In the first case, q◦q
4
≫ 1
Λ2
, one takes
the limit of the cutoff Λ→∞ keeping Θq finite. Then the anomaly vanishes due to the factor
1
lnΛ2
in front of the expression on the third line of (2.19). On the other hand where q◦q
4
≪ 1
Λ2
,
a finite anomaly arises due to IR singularity; keeping Λ large but finite, i.e. considering the
theory to be the low energy effective theory of a fundamental theory, and taking the limit
Θp→ 0, a finite contribution from the factor
1
ln Λ2
ln
1
1
Λ2
= 1,
in the third line of (2.19) gives the nonvanishing anomaly
〈∂µj
µ
5 (x)〉 = −
1
16π2
Fµν ⋆
′ F˜ µν + · · · , (2.20)
with the generalized ⋆′-product defined by
f(x) ⋆′ g(x) ≡ f(x)
sin
(
Θµν
2
←−
∂ µ
−→
∂ ν
)
Θµν
2
←−
∂ µ
−→
∂ ν
g(x). (2.21)
Here, as it turns out the obtained result from the computation of triangle, square and pentagon
diagram is not gauge invariant unless we add the contribution of infinitely many diagrams with
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more and more external gauge field insertions. In [13] the nonplanar anomaly is calculated
using the Fujikawa’s path integral method and was argued that the expression on the r.h.s. of
the above equation (2.20) is consistently gauge invariant only when Fµν and F˜
µν are attached
to an open Wilson line as a function of the external gauge field. The ellipses on the r.h.s. of
(2.21) indicate the contributions of the expansion of the Wilson line in the external gauge field.
Note that the expression above remains finite in low energy effective theory when the cor-
responding scale of the theory Λ is large comparing with 1
|Θq|
. However, considering the gauge
theory as a fundamental field theory and letting Λ go to infinity, the integrand of the anomaly
in the Fourier integral of (2.19) vanishes except for the point q ◦ q = 0 for which the integrand
becomes nonzero and finite in agreement with the point-splitting result of Ref. [10], which is
then argued to be consistent with the constraint of Eq. (1.6).
But Fourier integral of a function which is everywhere zero and finite at a single point (not
a Dirac δ-function!) is certainly zero which is the conclusion of zero anomaly of Ref. [9]. It
is these conflicting conclusions that we set out to resolve in the next section. Our position
is that because of UV/IR mixing of divergences in noncommutative theories, the necessarily
nonvanishing anomaly of the invariant axial vector current will not emerge unless both UV
and IR regularization are introduced in the calculation. The UV regularization is introduced
by point-splitting the current; and the IR regularization is achieved by compactification of the
noncommutative directions.
3 IR Regularized Invariant Anomaly
In this section we substantiate our claim that the resolution of the above paradox is by simul-
taneously regularizing the currents both in IR and UV regions. To calculate the anomaly of the
divergence of the invariant axial current jµ5 in the noncommutative QED we use the point-split,
gauge invariant expression for the current similar to (2.7)
jµ5 (x) = lim
ǫ→0
ψ¯α(x+
ǫ
2
) ⋆ exp
−ig
x+ ǫ
2∫
x− ǫ
2
A(y) · dy

⋆
⋆ (γµγ5)
αβ ψβ(x−
ǫ
2
), (3.1)
where the exponential is understood as ⋆-exponential. The ǫ-insertion is in fact a UV regulator
which at the end of calculation goes to zero.
The divergence of the axial current in the limit of small ǫ then gives
〈∂µj
µ
5 (x)〉 = −ig lim
ǫ→0
ǫν〈ψ¯α(x+
ǫ
2
) ⋆ Fµν(x) ⋆
(
γµγ5
)αβ
ψβ(x+
ǫ
2
)〉. (3.2)
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Up to the first order of perturbation theory using the action (2.11), the above expression reads
〈∂µj
µ
5 (x)〉 =
= +ig2 lim
ǫ→0
ǫν(γµγ5)
αβ(γρ)
στ
〈
ψ¯α(x+
ǫ
2
)
x
⋆ F µν(x)
x
⋆ ψβ(x−
ǫ
2
)
∫
d4z ψτ (z)
z
⋆ ψ¯σ(z)
z
⋆ Aρ(z)
〉
= −ig2 lim
ǫ→0
ǫν
∫
d4z tr
(
SF (z − x−
ǫ
2
)γµγ5
x
⋆ F µν(x)
x
⋆
z
⋆ SF (x− z −
ǫ
2
)γρ
)
z
⋆ Aρ(z), (3.3)
where we have indicated by overwrite the relevant ⋆-operators and further used the propagator
of the massless fermions
i (SF (x− y))αβ ≡ 〈ψα(x)ψ¯β(y)〉 =
i
(2π)2
(x− y)µ (γµ)αβ
[(x− y)2 − iǫ′]2
. (3.4)
Here, ǫ′ arises from Feynman’s ǫ-prescription. Now, it is known [8, 9] that the ⋆-operations
render the integrals convergent and therefore as a result anomaly vanishes as ǫ → 0. It is
also known that when the noncommutativity parameter Θ vanishes, the integral diverges and
the usual commutative anomaly emerges. This indicates that under the circumstances that
the ⋆-operation is inoperative a nonzero anomaly should be obtained. We will now make this
statement precise.
To do so, we introduce an IR regulator by compactifying each space coordinates to a circle
with radius R that plays the role of the IR regulator. The Fourier series expansion for the
propagator (3.4) therefore reads
SF (z) =
∑
~k
+∞∫
−∞
dk0
(2π)1/2(2R)3/2
k/
k2
e−ik0z0e+i
~k·~z, ~k ≡
π~nk
R
. (3.5)
Using this expansion in (3.4) we get
〈∂µj
µ
5 (x)〉 = −ig
2 lim
ǫ→0
ǫν
∑
~p,~k
∫ dp0dq0
(2π)(2R)3
tr (q/γµγ5p/γρ)
×
∫
d4z
e−iq0(z−x)0e+i~q·(~z−~x−~ǫ/2)
q2
x
⋆ F µν(x0, ~x)
x
⋆
z
⋆
e−ip0(x−z)0e+i~p·(~x−~z−~ǫ/2)
p2
z
⋆ Aρ(z0, ~z).(3.6)
The ⋆-products can be performed using
e−i~p·~z
z
⋆ f(z)
z
⋆ ei~q·~z = f (z − (p̂+ q̂)) ei~p∧~q e−i(~p−~q)·~z, (3.7)
with p̂i ≡ Θ
ijpj
2
, and i, j = 1, 2. After an appropriate change of variable and using tr (γαγµγ5γβγρ) =
4iεβραµ, we obtain
〈∂µj
µ
5 (x)〉 = −32g
2 lim
ǫ→0
ǫνεβραµ
∫
d4z
∑
~k,~ℓ
∫
dk0dℓ0
(2π)(2R)3
e−iℓ(x−z)
×ℓαAρ
(
z − k̂
)
F µν
(
x− k̂
) kβe−i~k·~ǫ/2
(k + ℓ)2(k − ℓ)2
. (3.8)
10
For finite noncommutative momentum ~̂k, F µν and Aρ will damp the k-integration/summation
and a finite result will arise. Taking the zero limit of the UV regulator ǫ naively, would make
the nonplanar anomaly vanish. But, as we will see, the nonplanar anomaly in fact receives a
finite contribution from the zero modes of the product of Aρ and F µν . After performing a series
expansion of these two fields and integrating over z, we get
〈∂µj
µ
5 (x)〉 = −32g
2εβραµ
∑
~ℓ,~s
∫
dℓ0ds0
(2π)(2R)3
ℓαAρ (ℓ)F µν (s) e−i(s+ℓ)x
× lim
ǫ→0
ǫν
∑
~k
+∞∫
−∞
dk0
kβe−iki(ǫ
i−Θij(ℓ+s)j)/2
(k + ℓ)2(k − ℓ)2
. (3.9)
Let us now concentrate on the integration/summation over k. Introducing the directions parallel
and perpendicular to the noncommutative x1-x2 plane, ~x‖ = (x0, x3) and ~x⊥ = (x1, x2), we
observe that the integral is in fact UV finite for (~ℓ + ~s)⊥ 6= ~0. In this case, the nonplanar
anomaly vanishes after taking the zero limit of UV regulator ǫ. For vanishing (~ℓ+~s)⊥, however,
the integral
I ji ≡ lim
ǫ→0
ǫi
∑
~k
+∞∫
−∞
dk0
kje−i
~k·~ǫ/2
(k2)2
= 2i lim
ǫ→0
ǫi
∂
∂ǫj
∑
~k
+∞∫
−∞
dk0
e−i
~k·~ǫ/2
(k2)2
, (3.10)
is the compactified version of the usual divergent integral leading to anomaly. Note that
comparing with the expression on the last line of (3.9), we have neglected the ℓ-dependence in
the denominator of (3.10). This is because we are only interested in the UV divergent part of
this expression. In the limit of small ǫ, the discrete sum can be replaced by a logarithmical
divergent integral leading to a finite result
I ji ≡ iCδ
j
i , (3.11)
where C = 1
(16π)2
is a numerical factor. Before using this result a remark is in place:
As we have mentioned in the introduction, in [10] the non-compactified version of the same
analysis is performed in the continuous momentum space q = ℓ + s. The authors have ar-
gued that the nonplanar anomaly arises due to the UV divergence of the integral only when∑
i,j=1,2Θ
ij(ℓ+ s)j = 0,
4 where in contrast to our case ~q⊥ ≡ (~ℓ+~s)⊥ is a continuous momentum
variable. But, this is indeed a measure zero contribution to the Lebesgues integrand over q and
4In two dimensions Θij(ℓ + s)j = 0 would lead to (~ℓ+ ~s)j = 0, with j = 1, 2.
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does not contribute to the integral. Thus the nonplanar anomaly vanishes. In the compactified
version, however, the zero mode is well-defined and makes a finite contribution to the anomaly.
Going back to our computation and inserting (3.11) together with a Kroeneker δ-function
δ~ℓ⊥+~s⊥,~0 in (3.9), we obtain
〈∂µj
µ
5 (x)〉 = −
ig2
8π2
εjραµ
∑
~ℓ,~s⊥,s3
∫ dℓ0ds0
(2π)(2R)3
δ~ℓ⊥+~s⊥,~0 ℓ
αAρ (ℓ)F µj (s) e−i(s+ℓ)x. (3.12)
The Kroeneker δ-function indicates that the nonplanar anomaly exists only for vanishing dis-
crete momentum (~ℓ+~s)⊥. Performing further the sum over ~s⊥, the total ~x⊥ dependence of the
resulting expression on the r.h.s. of (3.12) disappears and we are left with
〈∂µj
µ
5 (x)〉 = −
ig2
8π2
εjραµ
∑
~ℓ,s3
∫
dℓ0ds0
(2π)(2R)3
ℓαAρ
(
~ℓ‖, ~ℓ⊥
)
F µj
(
~s‖,−~ℓ⊥
)
e−i(~s‖+
~ℓ‖)·~x‖ . (3.13)
Transforming the fields back to the coordinate space, we arrive at
〈∂µj
µ
5 (x)〉 = −
g2
16π2
1
(2R)2
+R∫
−R
d2y⊥ F
αρ(~x‖, ~y⊥)F˜αρ(~x‖, ~y⊥), (3.14)
which can be interpreted as the zero modes in the Fourier expansion of the function A ≡ FF˜
in the noncommutative coordinates x⊥, i.e.,
〈∂µj
µ
5 (x)〉 = −
g2
16π2
A˜(x‖, p⊥ = 0), (3.15)
the unintegrated form of the nonplanar anomaly. The result (3.14) and equivalently (3.15)
are gauge invariant due to cyclicity of the ⋆-product under the integral over noncommutative
coordinates y⊥.
It is clear that an integration over ~x⊥ on both side of (3.14) cancels the R dependence on
the r.h.s., and the integrated form of the nonplanar anomaly become
+R∫
−R
d2x⊥〈∂µj
µ
5 (x)〉 = −
g2
16π2
1
(2R)2
+R∫
−R
d2x⊥
+R∫
−R
d2y⊥ F
αρ(~x‖, ~y⊥)F˜αρ(~x‖, ~y⊥), (3.16)
which survives even in R→∞ limit, i.e.
+∞∫
−∞
d2x⊥〈∂µj
µ
5 (x)〉 = −
g2
16π2
+∞∫
−∞
d2y⊥ F
αρ(~x‖, ~y⊥)F˜αρ(~x‖, ~y⊥), (3.17)
in agreement with the conclusion of [10].
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Although this result coincides with the integrated form of nonplanar anomaly in [10], the
unintegrated form of the anomaly (3.14) in the compactified version is in fact a novel result.5
As we have seen the integration over noncommutative directions ~x⊥ should be performed before
taking the limit R → ∞ and this is the essential aspect of our IR regularization. Otherwise
the nonplanar anomaly of the invariant current would vanish. And, the paradox pointed out
in [10] would persist.
In the next section, we will use the same method to calculate the Schwinger terms in the
current algebra of noncommutative currents.
4 Schwinger Terms
Anomalies as quantum breakdown of classical symmetries, appearing as contribution to the
divergence of currents, are intimately related to another manifestation of quantum violation
of these symmetries, i.e. in the additional terms to the current commutation relations of the
symmetry of the theory, the so called Schwinger terms.
In fact axial anomalies were first observed in the context of the attempt to understand
electroweak properties of hadrons through the study of the corresponding current algebras [3].
In the simplest case of massless QED with Nf flavors, the canonical algebra of currents of
global flavor symmetries
[j
5(a)
0 (~x, t), j
b
0(~y, t)] = if
abcj
5(c)
0 (~x, t)δ
3(~x− ~y), (4.1)
receives a contribution due to quantum corrections proportional to derivatives of Dirac δ-
function
[j
5(a)
0 (~x, t), j
b
0(~y, t)] = if
abcj
5(c)
0 (~x, t)δ
3(~x− ~y) + cδabεijkFjk∂iδ
3(~x− ~y), (4.2)
called Schwinger term. Here, the field strength tensor Fµν ≡ ∂µAν − ∂νAµ and fabc are the
structure functions of the relevant groups, and the coefficient c is, what in the affine algebra
context is called central charge. It is well-known that anomalies and Schwinger terms are
5There is an alternative calculation for the invariant anomaly [12] using Seiberg-Witten map and expansion
of the currents in Θ, which yields an unintegrated form for the invariant anomaly. However, as convergence
properties of diagrams depend crucially on considering all orders of the expansion, we hesitate to comment on
their result. In fact nonplanar diagram integrals would have very different convergence properties order by order
in Θ than the expression when the phases eip∧q are not expanded in Θ.
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related through the so called descent equations. However, a more direct connection between
the equal-time commutation (ETC) relation and the anomaly is illustrated most easily in a
detailed calculation of the anomaly in perturbation theory [see Appendix A].
In the case of noncommutative QED, as we have two distinct currents, the invariant currents
jµ or jµ5 (2.15) and the covariant currents J
µ and Jµ5 (2.16), would have a number of different
Schwinger terms. The Schwinger term appearing in the commutation relation of two covariant
currents involves planar diagrams, whereas that corresponding commutator of a covariant and
an invariant current involves nonplanar diagrams.
As an example6, we calculate the equal-time commutation (ETC) relation between J0,5 and
J0. It consists of a canonical and a Schwinger term. The canonical part is easily seen to be
[J05 (~x, t), J
0(~y, t))]
∣∣∣∣∣
can.
= +2i
∫
d4p
(2π)4
d4q
(2π)4
d4ℓ
(2π)4
ψβ(ℓ+ p+ q)ψ¯α(ℓ) (γ0γ5)
αβ
×e−i(p+q)0t e+i~p·~xe+i~q·~y e−i
~ℓ∧(~p+~q) sin (~p ∧ ~q) , (4.3)
which after some algebras becomes
[J05 (~x, t), J
0(~y, t))]
∣∣∣∣∣
can.
=
[
J05 (~x, t)− J
0
5 (~y, t)
]
⋆ δ3 (~x− ~y) , (4.4)
and in momentum space
[J05 (~p, t), J
0(~q, t)]
∣∣∣∣∣
can.
= +2i sin (~p ∧ ~q)J05 (~p+ ~q, t) . (4.5)
As for the corresponding Schwinger term, we have to calculate the vev of the ETC relation,
which is related to the planar anomaly arising from the covariant current [6].7 Using a point-
splitting regularization and after some algebra we get
〈[J05 (~x, t), J
0(~y, t))]〉 =
= +32ig lim
ǫ→0
εβρα0
∫
d4z
∫
d4ℓ
(2π)4
ℓαAρ(z)e+iℓ0(t−z0) e−i
~ℓ·(~x−~z)
∫
d4k
(2π)4
kβ e+i
~k·~ǫ/2
(k + ℓ)2(k − ℓ)2
×
(
δ3(~x− ~y +
~ǫ
2
+ ~̂ℓ)− δ3(~y − ~x+
~ǫ
2
+ ~̂ℓ)
)
, (4.6)
6The full algebra of noncommutative currents will be presented elsewhere [20].
7In Appendix A we have shown that in noncommutative QED, since the current appearing in the Lagrangian
density is the covariant vector current Jµ, the calculation of the anomaly corresponding to the covariant ax-
ial vector current J5µ involves the ETC of a covariant axial vector current with a covariant vector current,
[J05 (~x, t), J
0(~y, t)], whereas the calculation of the nonplanar anomaly corresponding to the invariant axial vector
current j5µ involves the ETC of an invariant axial vector current with a covariant current, [j
0
5
(~x, t), J0(~y, t)].
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at one-loop order, with ℓ̂ defined by ℓ̂i ≡ Θ
ijℓj
2
. As we are interested in the UV behavior of
the k-integration, we can neglect the ℓ dependence in the denominator, and arrive after some
manipulations at
〈[J05 (~x, t), J
0(~y, t))]〉 = −64ig lim
ǫ→0
εβρα0
∫
d4z ∂αAρ(z)e+iℓ0(t−z0) e−i
~ℓ·(~x−~z)
∫
d4k
(2π)4
kβ e+i
~k·~ǫ/2
(k2)2
×
∫
d3q
(2π)3
e+i~q·(~x−~y)
(
sin
(
~q ∧ ~ℓ
)
+
~ǫ · ~q
2
cos
(
~q ∧ ~ℓ
))
. (4.7)
The integral over k diverges linearly in the limit ǫ→ 0. Taking an appropriate symmetric limit,
the term proportional to sin
(
~q ∧ ~ℓ
)
cancels out and we are left with the term proportional to
cos
(
~q ∧ ~ℓ
)
. Using the result from previous section in performing the k-integration, we get
〈[J05 (~x, t), J
0(~y, t))]〉 =
= −
g
8π2
εijk
∫
d4z
d4ℓ
(2π)4
d3q
(2π)3
∂kAj(z)qi e
+iℓ0(t−z0) e−i
~ℓ·(~x−~z) ei~q·(~x−~y) cos(~q ∧ ~ℓ).
The Schwinger term corresponding to the current algebra of the covariant currents then becomes
〈[J05 (~x, t), J
0(~y, t))]〉 = +
ig
16π2
εijk
[
∂kAj(~x, t) ⋆ ∂iδ
3(~x− ~y) + ∂iδ
3(~x− ~y) ⋆ ∂kAj(~x, t)
]
. (4.8)
In momentum space, it reads
〈[J05 (~p, t), J
0(~q, t)]〉 = −
ig
8π2
cos (~p ∧ ~q) εijkpkqiAj (~p+ ~q, t) . (4.9)
Combining the Schwinger term (4.8) [(4.9)] with the canonical term (4.4) [(4.5)], the ETC of
covariant currents in the coordinate space is given by
[J05 (~x, t), J
0(~y, t))] =
(
J05 (~x, t)− J
0
5 (~y, t)
)
⋆ δ3(~x− ~y)
+
ig
32π2
εijk
[
Fkj(~x, t) ⋆ ∂iδ
3(~x− ~y) + ∂iδ
3(~x− ~y) ⋆ Fkj(~x, t)
]
,(4.10)
and in momentum space by
[J05 (~p, t), J
0(~q, t)] =
= +2i sin (~p ∧ ~q) J05 (~p+ ~q, t)−
ig
8π2
cos (~p ∧ ~q) εijkpkqiAj (~p+ ~q, t) . (4.11)
The ETC of covariant currents up to second order in Θ-expansion are calculated recently in
[19] using an appropriate Seiberg-Witten map.
The Schwinger term of the commutator of an invariant current and a covariant current is
related to the invariant current divergence and its anomaly, and as we have mentioned before
involves nonplanar diagrams.
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The ETC relation between the zero component of an invariant axial vector current j05 and
covariant vector current J0
[j05(~x, t), J
0(~y, t))],
involves only an anomalous term. This Schwinger term is calculated in a similar manner to the
anomaly of section 3 using a point split regularization in three spatial directions. In the first
order of perturbative expansion it reads
〈[j05(~x, t), J
0(~y, t))]〉 =
= +g lim
ǫ→0
[
δ3(~y − ~x+
~ǫ
2
)
x
⋆
y
⋆ ψβ(~x+
~ǫ
2
, t) ψ¯α(y) (γ0γ5)
αβ
∫
d4z ψτ (z)
z
⋆ ψ¯σ(z)
z
⋆ (γρ)
στAρ(z)
−ψβ(y) ψ¯α(~x−
~ǫ
2
, t) (γ0γ5)
αβ x⋆
y
⋆ δ3(~x− ~y +
~ǫ
2
)
∫
d4z ψτ (z)
z
⋆ ψ¯σ(z)
z
⋆ (γρ)
στAρ(z)
]∣∣∣∣
y0=x0
= +g lim
ǫ→0
[ ∫
d4z δ3(~y − ~x+
~ǫ
2
)
x
⋆
y
⋆ tr
(
SF (z − y)γ0γ5
z
⋆ SF (~x− ~z +
~ǫ
2
, t− z0)γρ
)
z
⋆ Aρ(z)
+
∫
d4z tr
(
SF (~z − ~x+
~ǫ
2
, z0 − t)γ0γ5
z
⋆ SF (y − z)γρ
)
x
⋆
y
⋆ δ3(~x− ~y +
~ǫ
2
)
z
⋆ Aρ(z)
]∣∣∣∣
y0=x0
,
with the massless fermion propagator given in (3.4). As in the case of nonplanar anomaly, under
certain circumstances the ⋆-product becomes inoperative and a nonvanishing Schwinger term
emerges. To show this we perform an IR regularization by compactifying each space coordinate
to a circle with radius R. After expanding the above result in the Fourier series and some
straightforward manipulations we get
〈[j05(~x, t), J
0(~y, t))]〉 =
= +32ig lim
ǫ→0
εβρα0
∫
d4z
∑
~k,~ℓ
∫
dk0dℓ0
(2π)(2R)3
e+iℓ0(t−z0) e−i
~ℓ·(~x−~z)ℓαAρ
(
z − k̂
) kβe+i~k·~ǫ/2
(k + ℓ)2(k − ℓ)2
×
(
δ3(~y − ~x+
~ǫ
2
+ ~̂k)− δ3(~x− ~y +
~ǫ
2
− ~̂k)
)
. (4.12)
As expected this result is very similar to the result obtained for the nonplanar anomaly in
the previous section [see Eq. (3.8)]. Here, as in the previous case, for finite ~̂k the integra-
tion/summation over k remains finite and the Schwinger term vanishes by taking naively the
limit ǫ→ 0. To show this, let us give the Schwinger term in the Fourier space,
〈[j05(~p, t), J
0(~q, t)]〉 = −64g ǫβρα0
∑
~ℓ
∫
dℓ0
(2π)1/2(2R)3/2
eiℓ0tδ~p+~q+~ℓ,~0 ℓ
αAρ(−ℓ)
× lim
ǫ→0
sin
(
~q · ~ǫ
2
)∑
~k
+∞∫
−∞
dk0
kβe+iki(ǫ
i−Θij(q+ℓ)j)/2
(k + ℓ)2(k − ℓ)2
. (4.13)
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As in the case of anomaly, the integral/sum over k is finite due to the damping effect of the
gauge field Aρ, as long as (~ℓ+ ~q)⊥ is nonzero. In this case the Schwinger term vanishes in
the limit ǫ → 0. For (~ℓ+ ~q)⊥ = ~0, however, a finite contribution will arise. Its finite value
will be calculated in the following. We expand the sin for small ǫ, and manipulate the k
integration/summation as in (3.10). Using the result from (3.11), (4.13) reads
〈[j05(~p, t), J
0(~q, t)]〉 = +
ig
8π2
ǫijk
∑
~ℓ
∫
dℓ0
(2π)1/2(2R)3/2
eiℓ0tδ~p+~q+~ℓ,~0δ~ℓ⊥+~q⊥,~0 q
iℓkAj(−ℓ),
= −
ig
8π2
1
(2R)3/2
ǫij3q
ip3Aj(~p+ ~q, t)δ~p⊥,~0, (4.14)
where the Kroeneker δ-function δ~ℓ⊥+~q⊥,~0 is inserted to indicate that the Schwinger term exists
only when (~ℓ+ ~q)⊥ = ~0. Now going back to the coordinate space, and after some algebraic
manipulations similar to the anomaly case, the first quantum correction to ETC of two different
noncommutative currents in the coordinate space is given by
[j05(~x, t), J
0(~y, t)] = +
1
(2R)2
ig
8π2
∂x3 δ(x3 − y3)εij3∂
iAj(~y⊥, x3, t), (4.15)
and in momentum space,
[j05(~p, t), J
0(~q, t)] = −
ig
8π2
1
(2R)3/2
ǫij3q
ip3Aj(~p+ ~q, t)δ~p⊥,~0. (4.16)
Note that the R-dependence on the r.h.s. of (4.15) is also shared by the result (3.14) of the
unintegrated form of the nonplanar (invariant) anomaly. In the discussion following (3.14)
and leading to the integrated form of the anomaly from (3.17), we have shown that the R-
dependence disappears upon integration over two noncommutative directions. In the case of
current algebras, it is also possible to compare the results (4.11) for the ETC of two covariant
currents and (4.15) for the ETC of an invariant and a covariant current to check the consistency
of the result (4.15). To do this, it is enough to integrate these two relations over three spatial
coordinates x and y, involving also the noncommutative directions and to show after taking
the limit R→∞ that8
[Qinv.5 , Q
cov.] = [Qcov.5 , Q
cov.],
with Qinv.5 ≡
∫
d3x j05(~x, t), Q
cov.
5 ≡
∫
d3x J05 (~x, t),
8Since the r.h.s. of (4.15) does not depend on noncommutative coordinates ~x⊥ = (x1, x2), its R-dependence
is removed upon integration over these noncommutative coordinates.
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and
Qcov. ≡
∫
d3x J0(~x, t).
As the case of commutator of two invariant currents is more involved and its physical signif-
icance less clear to us, we will postpone it to a more detailed publication [20].
5 Discussion
The lesson of UV/IR mixing in noncommutative field theories is that UV regularization of
the theory does not render the theories consistent at the limit of zero momentum and the
UV singularities reappear as IR singularities. In this work we have reexamined the invariant
(nonplanar) anomaly and Schwinger terms in noncommutative U(1) gauge theories with care.
It became clear that the resolution of the question of nonzero integrated anomaly requires an
IR cutoff, such as the compactification length. The anomaly and also the Schwinger term van-
ish as the compactification length is removed. This agrees with the observation of Intriligator
and Kumar [9] that based on general properties of nonplanar diagram, argued that for finite
noncommutativity parameter there is no UV divergence and hence no anomaly. These argu-
ments were supported in analogy with string theory where the nonplanar anomalies vanish by
Green-Schwarz (GS) mechanism of anomaly cancellation.
If we integrate the expression before removing the IR cutoff we obtain the integrated anomaly
in agreement with the covariant anomaly. The result is very similar to the standard anomaly
where it naively becomes zero if the UV divergence is not carefully handled. We also observe
that the observation of Armoni, Lopez and Theisen [10] about nonzero result when |Θp| = 0
acquires meaning with finite IR cutoff where the Fourier integral becomes Fourier series and
there is no zero measure difficulty. It is as if a finite charge is evenly distributed over the
space giving zero density but still being totally nonzero. Therefore there is no ambiguity or
inconsistency if the IR regulator is taken to its limit after the integration over noncommutative
space coordinates are taken.
What is interesting is that the expressions for nonplanar anomalous term turn out to be
independent of the noncommutative coordinates. Although we start with a local object, the
divergence of a current, the result is an integral over the noncommutative part of the space
washing all remnants of locality.
We can look at this phenomenon from two different points; pure field theory and String
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theory. Looking from the field theory side the formula (3.8) shows that although we are consid-
ering divergence of the invariant current at a point, x, the expression involves points which are
away by amount Θk. Upon integration over k this shift in position will cover the whole space
without damping and makes the result independent of the position x where we are calculating
the divergence. This is how large momentum integration which is a UV effect is reflected in
the infinite wavelength, a constant term IR effect. Physically, large momentum states of the
particle circulating in the loop are extended in the direction perpendicular to the momentum.
This extension is the reason that the range of the nonlocality inherited from non commutativity
extends to infinity, i.e. UV/IR mixing.
When the space is finite, this extension covers the compact dimension globally. This brings us
to the stringy point of view. Such large extension reveals the stringy nature of noncommutative
theories. The particle circulating in the loop is extended to the extent that it wraps around the
compact direction and forms a winding state. The contribution of such winding states survives
and leads to finite anomaly. Authors of Ref. [9] have suggested that anomaly cancels due to
hidden GS-mechanism, i.e. via formation of closed string modes. This picture is complete
only when the noncommutative plane is not compact. In the compact case, the extra winding
states exist and couple to the states of the gauge theory. They develop IR poles proportional
to R2. As expected this contribution vanishes as the compactification length becomes infinitely
large. At this limit the winding states decouple and their contribution to all processes including
anomaly become zero.
Let us examine why this result can be interpreted as exchange of winding states. Winding
states have masses proportional to R2. Hence their contribution includes a propagator factor
1/((Θp)2 − R2) which becomes 1/R2 since the total noncommutative momentum is zero. This
factor is present in the final result. The anomaly is constant in the noncommutative plane,
which we attribute to the global nature of the winding states that are by nature nonlocal.
These observations explain why we need to resort to IR cutoff to extract the anomaly like the
axial anomaly which needs careful UV regularization to be revealed. Similar points concerning
contribution of winding states to nonplanar Feynman diagrams are discussed in the context of
noncommutative field theories at nonzero temperature [21].
Winding states have similar manifestations in the Schwinger terms. In (4.15) we see that the
anomalous contribution to the commutators of the invariant axial current and covariant current
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becomes independent of the noncommutative coordinates of invariant axial current similar to
the absence of noncommutative coordinates in invariant anomaly. Hence we conclude that
winding string states are responsible for the Schwinger terms that also vanish at the infinite R
limit supported by general theorems connecting the axial anomalies and Schwinger terms. We
observe their validity also in the noncommutative case as is shown by direct calculations.
It is interesting to find how much of string theory is hidden in noncommutative theories and
to what extent the spectrum and interactions of the underlying string theory can be extracted
from them.
There are physical issues to be resolved concerning the decay of the Goldstone boson of the
broken (global) symmetry. At first sight on can observe that the decay must be enhanced in
the commutative directions. The details of the enhancement and its observable consequences
are relegated to future publication. Since quantum effects are responsible for strong breaking
of Lorentz invariance the meaning of the particle states have to be reexamined in the noncom-
mutative cases which is needed for the interpretation of the results in particular the meaning
of poles in the zero momentum in the noncommutative plane. We refer discussion on such
consequences and other physical consequences to future publications.
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Appendix A
In this Appendix we will show the connection between the equal-time commutation (ETC)
relation and the anomaly of the axial vector currents using perturbative expansion. In the
ordinary commutative U(1) gauge theory the action is given by
S ≡
∫
d4x
[
ψ¯(x)(i∂/ −m)ψ(x)− g jµ(x)A
µ(x)
]
, (A.1)
where jµ ≡ ψ¯γµψ. Using this action, the v.e.v. of the divergence of the axial vector current
j5µ ≡ ψ¯γµγ5ψ is given in a perturbative expansion by
〈∂µj
µ
5 (x)〉 = −
g2
2
∫
d4y d4z ∂µΓ
µνρ(x, y, z) Aν(y)Aρ(z), (A.2)
with the vertex function
Γµνρ(x, y, z) ≡ 〈T
(
j5µ(x)jν(y)jρ(z)
)
〉. (A.3)
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Building the divergence of Γµνρ(x, y, z) with respect to x, and using the definition of the T -
ordered product, we arrive at
∂µxΓµνρ(x, y, z) = ∂
µ
x 〈T
(
j5µ(x)jν(y)jρ(z)
)
〉
= 〈T
(
(∂µj5µ(x)) jν(y)jρ(z)
)
〉+ δ(x0 − y0)〈T
(
[j50(x), jν(y)] jρ(z)
)
〉
+δ(x0 − z0)〈T
(
jν(y) [j
5
0(x), jρ(z)]
)
〉. (A.4)
In the last two terms, there appears two ETC relations [j50(~x, t), jν(~y, t)] and [j
5
0(~x, t), jρ(~z, t)].
This is a formal connection between the anomaly and the current algebra in the commutative
U(1)-gauge theory.
In the following, we will use the same argument to show the connection between the anomaly
corresponding to the covariant axial vector current J5µ with the ETC of a covariant axial vector
current and a covariant vector current, [J50 (~x, t), J0(~y, t)], and the nonplanar anomaly corre-
sponding to the invariant axial vector current j5µ with the ETC of an invariant axial vector
current and a covariant current, [J50 (~x, t), J0(~y, t)].
The action of the noncommutative U(1) gauge theory with fermions in the fundamental
representation is given by
Snon-com ≡
∫
d4x
[
ψ¯(x)(i∂/ −m)ψ(x)− g Jµ(x) ⋆ A
µ(x)
]
, (A.5)
where Jµ ≡ ψβ ⋆ ψ¯α(γµ)αβ is the covariant current. According to the above perturbative
argument the divergence of the covariant axial vector current J5µ ≡ ψβ ⋆ ψ¯α(γµγ5)
αβ is given by
〈∂µJ
µ
5 (x)〉 = −
g2
2
∫
d4y d4z ∂µΓ
µνρ
cov.(x, y, z) Aν(y)Aρ(z), (A.6)
where the vertex function of one covariant axial vector currents and two covariant vector
currents
Γcov.µνρ(x, y, z) ≡ 〈T
(
J5µ(x)Jν(y)Jρ(z)
)
〉. (A.7)
Using again the definition of the T -ordered product, the partial derivation of Γcov.µνρ with respect
to x reads
∂µxΓ
cov.
µνρ(x, y, z) = ∂
µ
x 〈T
(
J5µ(x)Jν(y)Jρ(z)
)
〉
= 〈T
(
(∂µJ5µ(x)) Jν(y)Jρ(z)
)
〉+ δ(x0 − y0)〈T
(
[J50 (x), Jν(y)] Jρ(z)
)
〉
+δ(x0 − z0)〈T
(
Jν(y) [J
5
0 (x), Jρ(z)]
)
〉. (A.8)
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On the r.h.s., there appears the ETC relations of a covariant axial vector current and a covariant
vector current [J50 (~x, t), Jν(~y, t)] and [J
5
0 (~x, t), Jρ(~z, t)].
In contrast, by building the divergence of the invariant axial vector current j5µ ≡ ψ¯ γµγ5 ⋆ ψ,
we arrive at
〈∂µj
µ
5 (x)〉 = −
g2
2
∫
d4y d4z ∂µΓ
µνρ
inv.(x, y, z) Aν(y)Aρ(z), (A.9)
with the vertex function of one invariant axial vector current and two covariant vector currents
Γinv.µνρ(x, y, z) ≡ 〈T
(
j5µ(x)Jν(y)Jρ(z)
)
〉. (A.10)
The divergence of this vertex function involves the ETC of an invariant axial vector current
and a covariant vector current [j50(~x, t), Jν(~y, t)] and [j
5
0(~x, t), Jρ(~z, t)]
∂µxΓ
inv
µνρ(x, y, z) = ∂
µ
x 〈T
(
j5µ(x)Jν(y)Jρ(z)
)
〉
= 〈T
(
(∂µj5µ(x)) Jν(y)Jρ(z)
)
〉+ δ(x0 − y0)〈T
(
[j50(x), Jν(y)] Jρ(z)
)
〉
+δ(x0 − z0)〈T
(
Jν(y) [j
5
0(x), Jρ(z)]
)
〉. (A.11)
To find a more direct relation between the anomaly and the Schwinger terms, one has to
calculate the full commutator algebra of noncommutative currents and insert it into the r.h.s.
of the above equations (A.8) and (A.11). We will postpone this calculation to a more detailed
publication [20].
22
References
[1] S. L. Adler, Tests of the conserved vector currents and partially conserved axial-vector
current hypotheses in high-energy neutrino reactions, Phys. Rev. 135 (1964) B963; Con-
sistency conditions on the strong interactions implied by a partially conserved axial vector
current, Phys. Rev. 137 (1965) B1022; J.S. Bell, and R. Jackiw, A PCAC puzzle π0 → γγ
in the sigma model, Nuovo Cim. A 60 (1969) 47.
[2] S. L. Adler and W. A. Bardeen, Absence of higher order corrections in the anomalous
axial vector divergence equation, Phys. Rev. 182, 1517 (1969); W. A. Bardeen, Anoma-
lous Ward identities in spinor field theories, Phys. Rev. 184, 1848 (1969); J. Wess and
B. Zumino, Consequences of anomalous Ward identities, Phys. Lett. B 37, 95 (1971);
W. A. Bardeen, Anomalous currents in gauge field theories, Nucl. Phys. B 75, 246 (1974);
R. J. Crewther and N. K. Nielsen, Short distance analysis of the triangle anomaly in
Quantum Electrodynamics, Nucl. Phys. B 87, 52 (1975); W. A. Bardeen and R. B. Pear-
son, Local gauge invariance and the bound state nature of hadrons, Phys. Rev. D 14, 547
(1976); N. K. Nielsen and B. Schroer, Axial anomaly and Atiyah-Singer theorem, Nucl.
Phys. B 127, 493 (1977); J. Ambjorn, J. Greensite and C. Peterson, The axial anomaly
and the lattice Dirac sea, Nucl. Phys. B 221, 381 (1983); W. A. Bardeen and B. Zumino,
Consistent and covariant anomalies in gauge and gravitational theories, Nucl. Phys. B
244, 421 (1984); B. Zumino, Y. S. Wu and A. Zee, Chiral anomalies, higher dimensions,
and differential geometry, Nucl. Phys. B 239, 477 (1984).
[3] S. B. Treiman, E. Witten, R. Jackiw and B. Zumino, Current algebra and anomalies, World
Scientific Publishing Co., Singapore (1985); R. A. Bertlmann, Anomalies in Quantum Field
Theory, Oxford University Press Inc., New York (2000).
[4] C. Ekstrand, A simple algebraic derivation of the covariant anomaly and Schwinger term,
J. Math. Phys. 41, 7294 (2000) [arXiv:hep-th/9903147]; C. Ekstrand, A geometrical de-
scription of the consistent and covariant chiral anomaly, Phys. Lett. B 485, 193 (2000)
[arXiv:hep-th/0002238]; C. Adam, C. Ekstrand and T. Sykora, Covariant Schwinger terms,
Phys. Rev. D 62, 105033 (2000) [arXiv:hep-th/0005019].
23
[5] S. L. Adler, Remarks on the history of quantum chromodynamics, [arXiv:hep-ph/0412297];
Anomalies, [arXiv:hep-th/0411038]; Anomalies to all orders, [arXiv:hep-th/0405040];
Adventures in theoretical physics: Selected papers of Stephen L. Adler, [arXiv:hep-
ph/0505177].
[6] F. Ardalan and N. Sadooghi, Axial anomaly in non-commutative QED on R4, Int. J. Mod.
Phys. A 16, 3151 (2001) [arXiv:hep-th/0002143].
[7] F. Ardalan and N. Sadooghi, Anomaly and nonplanar diagrams in noncommutative gauge
theories, Int. J. Mod. Phys. A 17, 123 (2002) [arXiv:hep-th/0009233].
[8] C. P. Martin, The UV and IR origin of non-Abelian chiral gauge anomalies on noncom-
mutative Minkowski space-time, J. Phys. A 34, 9037 (2001) [arXiv:hep-th/0008126].
[9] K. A. Intriligator and J. Kumar, *-Wars episode I: The phantom anomaly, Nucl. Phys. B
620, 315 (2002) [arXiv:hep-th/0107199].
[10] A. Armoni, E. Lopez and S. Theisen, Nonplanar anomalies in noncommutative theories
and the Green-Schwarz mechanism, JHEP 0206, 050 (2002) [arXiv:hep-th/0203165].
[11] L. Bonora, M. Schnabl, and A. Tomasiello, A note on consistent anomalies in non-
commutative YM theories, Phys. Lett. B485 (2000) 311, [arXiv: hep-th/0002210]; L.
Bonora, and A. Sorin, Chiral anomalies in noncommutative YM gauge theories, Phys.
Lett. B521 (2001) 421, [arXiv: hep-th/0109204]; J. M. Gracia-Bondia and C. P. Martin,
Chiral gauge anomalies on noncommutative R4, Phys. Lett. B 479, 321 (2000) [arXiv:hep-
th/0002171]; C. P. Martin, Chiral gauge anomalies on noncommutative Minkowski space-
time, Mod. Phys. Lett. A 16, 311 (2001) [arXiv:hep-th/0102066]; C. P. Martin, The
covariant form of the gauge anomaly on noncommutative R2n, Nucl. Phys. B 623, 150
(2002) [arXiv:hep-th/0110046]; T. Nakajima, UV/IR mixing and anomalies in noncom-
mutative gauge theories, [arXiv:hep-th/0205058]; H. Aoki, S. Iso and K. Nagao, Chi-
ral anomaly on fuzzy 2-sphere, Phys. Rev. D 67, 065018 (2003) [arXiv:hep-th/0209137];
H. Aoki, S. Iso and K. Nagao, Ginsparg-Wilson relation, topological invariants and fi-
nite noncommutative geometry, Phys. Rev. D 67, 085005 (2003) [arXiv:hep-th/0209223];
C. P. Martin, The gauge anomaly and the Seiberg-Witten map, Nucl. Phys. B 652, 72
24
(2003) [arXiv:hep-th/0211164]; B. Ydri, Noncommutative chiral anomaly and the Dirac-
Ginsparg-Wilson operator, JHEP 0308, 046 (2003) [arXiv:hep-th/0211209]; S. Iso and
K. Nagao, Chiral anomaly and Ginsparg-Wilson relation on the noncommutative torus,
Prog. Theor. Phys. 109, 1017 (2003) [arXiv:hep-th/0212284]; F. Brandt, C. P. Martin and
F. R. Ruiz, Anomaly freedom in Seiberg-Witten noncommutative gauge theories, JHEP
0307, 068 (2003) [arXiv:hep-th/0307292]; F. Brandt, Seiberg-Witten maps and anoma-
lies in noncommutative Yang-Mills theories, [arXiv:hep-th/0403143]; S. Estrada-Jimenez,
H. Garcia-Compean and C. Soto-Campos, Gravitational anomalies in noncommutative
field theory, [arXiv:hep-th/0404095]; C. P. Martin and C. Tamarit, Noncommutative SU(N)
theories, the axial anomaly, Fujikawa’s method and the Atiyah-Singer index, [arXiv: hep-
th/0504171]; C. P. Martin and C. Tamarit, The U(1)A anomaly in noncommutative SU(N)
theories, [arXiv: hep-th/0503139]; D. V. Vassilevich, Heat kernel, effective action and
anomalies in noncommutative theories, [arXiv:hep-th/0507123].
[12] R. Banerjee and S. Ghosh, Seiberg-Witten map and the axial anomaly in noncommutative
field theory, Phys. Lett. B 533, 162 (2002) [arXiv:hep-th/0110177]; R. Banerjee and K. Ku-
mar, Maps for currents and anomalies in noncommutative gauge theories: Classical and
quantum aspects, Phys. Rev. D 71, 045013 (2005); R. Banerjee, Anomalies in noncommu-
tative gauge theories, Seiberg-Witten transformation and Ramond-Ramond couplings, Int.
J. Mod. Phys. A 19, 613 (2004) [arXiv:hep-th/0301174].
[13] F. Ardalan and N. Sadooghi, Planar and nonplanar Konishi anomalies and exact Wilso-
nian effective superpotential for noncommutative N = 1 supersymmetric U(1), Int. J. Mod.
Phys. A 20, 2859 (2005) [arXiv:hep-th/0307155].
[14] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics,
JHEP 0002, 020 (2000) [arXiv:hep-th/9912072].
[15] S. R. Coleman and B. Grossman, ’t Hooft’s consistency condition as a consequence of
analyticity and unitarity, Nucl. Phys. B 203, 205 (1982); Y. Frishman, A. Schwimmer,
T. Banks and S. Yankielowicz, The axial anomaly and the bound state spectrum in confining
theories, Nucl. Phys. B 177, 157 (1981); H. J. Rothe and N. Sadooghi, A new look at the
axial anomaly in lattice QED with Wilson fermions, Phys. Rev. D 58, 074502 (1998)
[arXiv:hep-lat/9803026].
25
[16] J. Gomis, T. Mehen and M. B. Wise, Quantum field theories with compact noncommutative
extra dimensions, JHEP 0008, 029 (2000) [arXiv:hep-th/0006160]; E. Lopez, UV/IR mix-
ing, noncommutative instabilites and closed strings, Fortsch. Phys. 52, 612 (2004) [Afr. J.
Math. Phys. 1, 159 (2004)]; Z. Guralnik, R. C. Helling, K. Landsteiner and E. Lopez, Per-
turbative instabilities on the non-commutative torus, Morita duality and twisted boundary
conditions, JHEP 0205, 025 (2002) [arXiv:hep-th/0204037].
[17] K. Fujikawa, Path integral for gauge theories with fermions, Phys. Rev. D21 (1980) 2848,
Erratum-ibid. D22 (1980) 1499.
[18] S. Weinberg, The Quantum Theory of Fields, Volume II, Modern Application, Cambridge
University Press, (1996).
[19] R. Banerjee and K. Kumar, Commutator anomalies in noncommutative electrodynamics,
[arXiv:hep-th/0505245].
[20] F. Ardalan, H. Arfaei and N. Sadooghi, work in preparation (2005).
[21] W. Fischler, E. Gorbatov, A. Kashani-Poor, S. Paban, P. Pouliot and J. Gomis, Evi-
dence for winding states in noncommutative quantum field theory, JHEP 0005, 024 (2000)
[arXiv:hep-th/0002067]; G. Arcioni, J. L. F. Barbon, J. Gomis and M. A. Vazquez-
Mozo, On the stringy nature of winding modes in noncommutative thermal field the-
ories, JHEP 0006, 038 (2000) [arXiv:hep-th/0004080]; K. Landsteiner, E. Lopez and
M. H. G. Tytgat, Excitations in hot noncommutative theories, JHEP 0009, 027 (2000)
[arXiv:hep-th/0006210]; K. Landsteiner, E. Lopez and M. H. G. Tytgat, Instability of
non-commutative SYM theories at finite temperature, JHEP 0106, 055 (2001) [arXiv:hep-
th/0104133].
26
